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1. We suppose throughout this paper that <p(w, z>)££(0, 0; ir, it) and is

periodic, with period 27r, and that

00

(1.1) <p(m, u) ~   £  amn cos mu cos nv.
m,n=0

We denote £m,„-o amn by S[<p] and write

(.1 • ¿) amn = {AmAn)      7 j ? . Am—rAn—»ara = \AmAn)    omn>

r=0 <=0

where

(m + a\

We also write uttvbpa,hiu, v) for the fractional integral of order (a, 6) (a = 0, o = 0)

of <p(w, ii), so that, in particular, <po,o(«, p) —<t>iu, v),

j    (w — x)a_1(z) — y)6_V(x, y)dxdy
o J o

ia > 0, o > 0),

and po.biu, v), <ha,oiu, v) are interpreted in the natural way (cf. [4, p. 413]).

The problem of the convergence, in some sense, of the means a^n, and its

connexion with the behaviour of the functional means $«,!>(«, v), has been con-

sidered by a number of writers. Gergen and Littauer [4, Theorems IV and V]

have treated the problem of the boundedness, and convergence in the Prings-

heim sense, of <r¡£f. They also considered the corresponding problem when the

restriction of boundedness on a^ is removed and proved the following theo-

rem.

Theorem A. If a — 2>a^0, b — 2>ß = 0, if <pa,b(u, v) is bounded in

(0, 0; 5, 8) for some positive 5, and if a^-^s as (m, n)—»(<», oo), then <t>a,b(u, v)

-*sas (u, v)^>(+0, +0).

The question of whether a "converse" of this theorem is true; i.e., whether

for suitably related a, b, a, ß, <ba,biu, v)—>s together with boundedness of a?'ßmn
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for large m and « imply that o-^f—*s as (m, n) —»( °o, «o ), was left unanswered.

Later Gergen [3, Theorem IV] showed that it is not possible to obtain such a

theorem and proved instead [3, Theorem V] the following result which con-

tains a "mixed" boundedness condition.

Theorem B. 7/0 = a<£, 0 = a<£-l; 0 = 6<t/, 0=/3<?y-l;*/(C\<4£are
bounded for large m and n and if <ba,b(u, v)—*s as (u, v)—»(4-0, 4-0), i&e»

(C?->s as (m, «)->(<», <*>).

These results may be regarded as extensions to double series of well-

known theorems of Paley [8] and Bosanquet [l].

A problem of a different character arises if we consider the convergence of

amf in a restricted sense instead of in the Pringsheim sense. A double sequence

{6m„} is said to converge restrictedly to s, in symbols bmn-+s(R) as (m, n)

->(», oo), if, for every X = l, bmn—>s as (m, «)—>(«>, °o) in such a way that

X_1 = «m"-l=X. If cCf—>s(R) as (m, «)—>(<», °°) we shall say that S[cb] is

summable (C; a, ß)(R) to 5. The concept of restricted summability was intro-

duced by Moore [7] who proved the following theorem.

Theorem C. If <f>(u, v)—>s as (u, v)—>(4-0, 4-0) then S[dj] is summable

(C; a, ß) (R) to s whenever a = 1, ß = 1.

The present paper consists of an elaboration of the observation that the

conclusion of Theorem C holds if we replace the hypothesis by restricted con-

tinuity and local boundedness, of <b(u, v) at (0, 0). More precisely: we shall

say that d>(u, v)-+s(C; a, 6)(R) as (u,v)—*(+0, 4-0) if, for any X = l, <pa,b(u, v)

—>s as (u, v)—>(+0, 4-0) in such a way that X_i = md_1=X, and we prove the

following two theorems.

Theorem 1. If a = l, (3 = 1; a>a = 0, 0>& = O; if <p(u, v)-+s(C; a, b)(R),
and if <pa,b(u, v) is bounded in (0, 0; 8, 8) for some positive 8, iAe» S[tj>] is sum-

mable (C; a, ß)(R) to s.

Theorem 2. 7/a-2>a = 0, 6-2>/3 = 0; if S[d>] is summable (C;a, ß)(R)

to s, and, if, for some N, o„f is bounded for m>N, n>N, then <b(u, v)

^s(C; a, b)(R) as (u, v)^(+0, 4-0).

Theorem 1 (which contains Theorem C), and Theorem 2 may also be re-

garded as extensions of the results of Paley and Bosanquet. Before going on

to prove these theorems we mention two noteworthy facts which suggest

that, although summability (C; a, ß)(R) is not a regular method, its applica-

tion to double Fourier series has some advantages over the method used in

Theorems A and B. Firstly, Herriot ([5], cf. Lemma 1 below) has shown that

the summability (C; a, ß)(R) (a=l, /3 = 1) of S[<f>] depends only on the be-

haviour of <p(u, v) near (0, 0). Secondly, Zygmund [10, p. 309] has shown

that the series in (1.1) is summable (C; a, ß)(R) (a = l, )3 = 1) to <b(u, v) for
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almost every (m, v)EiO, 0; it, it). Both these results reflect well-known (C)-

summability properties of single Fourier series and neither holds for sum-

mability (C; a, ß) interpreted as involving the existence of lim(mi„)_(o0i00) a%£

in the Pringsheim sense, whether or not a boundedness condition is imposed

(cf. [10, p. 304; 9]).
2. We first give some further notation, collect some known results and

establish three lemmas.

If {bmn} is a given double sequence, if X =t 1, and if

(X) (dm,
amn =   ■{

I 0

dmn   for X 'a mn x = X

otherwise

then we define

X — sup bnn =    sup   dmn,
(m,n) mâo.nao

X — lim ôm„ =       lim       dmn,
(m,n) (m,n)-»(oo ,oo)

X — lim sup bmn =    lim sup   dmn.
(m,n) (m,n)->(oo ,oo)

In a similar way, if /(m, v) is a given function, defined for u>0,v>0, then

for X è 1 we define

X — lim/(«, v) =        lim        gxiu, v)
(u.t) (ll,»)-»(+0,+0)

where gxiu, v)=fiu, v) if X_1 = mî;_1^X and is zero otherwise. We define

X —sup(„,,)/(«, v) and X —lim sup(U,„)/(w, v) in a similar way.

We shall require the functions

1 -i m

Kaim, u) =-h iAm)    £ Am-r cos ru
2 r_i

which are known [2, p. 64] to satisfy

(2.1) \k: im,u)\   =  { r_2 a-i
(^lwr+1   max[(wt«)      , (mîm)       J,

for a>0, r = 0, 1, • ■ • , and 0 = u=w; where A is independent of m and u.

It follows easily from (2.1) that for r = 0, 1, • • •  and m = 0

(2.2) fV| £«%, u)\du < A ia>r)
J o

where A is independent of m.

We also require Young's functions yPit) defined by
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7p(i) = P f   (1 - m)*-1«« «i du (p > 0).
J 0

It is known [2, p. 64] that, for p>0, k = 0, 1, • • • ; « = 0, 1, ■ • •  and i = 0

\Atk

[Atk max[(«/)-*-2, («/)-"],
(2.3) \Akyp(nt)\  =  t

where A is independent of t and w, and A is the usual difference operator. It

easily follows from (2.3) that for «>0, p> — 1,

00

(2.4) 22 *">| Aa+1ya(mu) \   < Au"-" (a > p - 2, a > p + 1),
ro=l

where A is independent of u.

We require the following three lemmas.

Lemma 1. The summability (C; a, ß)(R) of S[<b] depends only on the be-

haviour of 4>(u, v) in an arbitrary neighbourhood (0, 0; 8, 8) (0<8<7r) of the

origin.

This is due to Herriot [5].

Lemma 2. Pf a>a = 0, /3>6 = 0 and if 0<8^ir then for each X = l,

« I Ka  (m, u) | du |        v \ Kß  (n, v) \ dv} = 0.
o Jo

Proof. Denoting the integral in (2.5) by /, and choosing (as we clearly

may) /t=X, we have

/► m p uii n un~ p uu pi p n~

du j        dv + |        du j        dv + f      a« j      ¿u
0 J 0 J m-l Jo J /in-1        J 0

du   I dv=22jr
M»-l •' »-' r—1

(say).

By (2.1),

/.m-1         ruM-'            Ama+1nh+1 /XX""1
M»d« I        vbdv = -< yl ( _ )     ,

o             Jo                  wa+mMM-i-      \M/

whenever X_1 = mi«-1 =X, so that

(2.6) lim sup (X — lim sup Ji) = 0.
h —* » (*»,«)

Next, using (2.1) again,
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/'<•»" ¡t up   -im-lu~2 + ma-au"-a-l)du j        vhdv

m-l J o

An1*1 (        i- "n_1 c i">_1 1
= —:—{mr1 I        uh~xdu + ma-a \        ua+b-"du>

— Jil + /22

(say), where, if X-1^m»-1^X,

O
A — log Xm,

ß

and

J22Ú \

he)\\«-a

lOg XjU,

o ?i 0,

6 = 0,

a + 6-a?í-l,

a + ô — a = — 1,

so that in any case,

(2.7) lim sup (X — lim sup Ji) = 0.
M—»» (w»,rt)

Next, by (2.1),

73 á ^nH1 |      im~lu~2 + m°-'xua-'^-x)du |

X / x v--
= ^- + ^(-) ,

ß \A«/

ti6áp

if X-1 ̂  mîm-1 =X so that

(2.8)

Finally by (2.1),

lim sup X — lim sup J3 = 0.
M-ooo (m,n)

/>  00 .,00

imrlu-2 + ma~aua-a-1)du J    in~h2 + n^v^^dv
(re-1 J n_l

X / X \a-

ß \ß/

if X_1^OTM_1áX, so that
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(2.9) lim sup (X — lim sup JA = 0.
/i—►« (»I,«)

Combining (2.6)-(2.9) we obtain the required result.

Lemma 3. i/a>a4-l = l, 6>/34-l = l, then for every X = l,

(2.10) lim sup < (X - lim sup 22 m" I Aa+1ya(mu) |    £    «" | Aß+1yb(nv) | > = 0.
f-*"        V («.») m-l n<mu-l J

Since the proof of this lemma is quite similar to the proof of Lemma 2

we shall just outline the procedure.

The series in (2.10) is, by (2.3), absolutely convergent, for fixed positive

u and v and we denote its sum by S(u, v). We then choose X( = 1) freely and

then regard it fixed and take (as we clearly may) /u=X. We then write

[u-1]     Imu'1] [(il)-1] [mM-1l » [t)_1l oo [mu_1]

S(u, v) = 22    22   +     22       12+22       22+22 S
m=l       n=l m-tu-'J+I      n—1 m—iuv-l]+l     n—1 m=[uir-1] + l   n-tir^J+l

r=l

(say). Using (2.3) (as we used (2.1) to estimate the Jr in the proof of Lemma

2) we can show that each of the Sr satisfy a relation

"a(t)
for every positive u and v satisfying X_1 = wi>_1=X, and that /r(X/u)—»0 as

u—»oo. This is sufficient to establish (2.10).

3. Proof of Theorem 1. We suppose throughout that the conditions a = 1,

j3 = l, a>a = 0, j3>6 = 0, are satisfied, and (without loss of generality) that

s = 0. We also suppose that a and 6 are integers, the proof may be completed

in the general case by standard methods.

It is easily shown that

<* fi      1   /" i"
(3.1) o-mn = —: I     I    <b(u,v)Ka(m,u)Kß(n,v)dudv.

ir2Jo Jo

If we split the range of integration on the right of (3.1) into (0, 0; 8, 8),

(0, 8; 8, tt), (8, 0; 7r, 8), (8, 8; 7r, x); (0<8<7r) then it follows from Lemma 1

that the corresponding integrals over the last three ranges have restricted

limit zero as (m, «)—>(oo, oo). Hence it is sufficient to show that

(3.2) < lim sup X — lim sup   | d>(u,v)Ka(m,u)Kß(n,v)dudv f  = 0,
(.     i->+0 (m,n)      IJ o   J 0 /

for each X = 1.

Denoting the integral in (3.2) by / we have, on integrating by parts,
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/ = £ £ i-)r+'or+\rls\) lK<rl\m, t)K? "in, 5)<pr,.(¿¡, i)
r-l >-r

+ (-)a_1(a!)"1£(-)'"V(j!)1 KJTl\», «) f pa,.(u,o)uK{:\u)du
«-1 J o

+ (-)6_1(ô!)"1£(-)r_V(r!)"l£ri)(»»,5) f V.»(«, v)v"K?\v)dv
r-l J 0

+ ( —)     (a!M)     I     I    pa,b(u,v)uvKa(m,u)Kß (n, v)dudv
J o J 0

4

r-l

(say).

It follows immediately from (2.1) that, for any positive S,

a       b

Ji = £ £ Ofa-1 + m^-^OÍM-1 + m-1-") = o(l),
r-l <-l

as (mí, m)—»(oo, oo) in any manner.

Next, using (2.1) again, for any positive ô*,

b ( Pm_1

Ji = £ 0(m-> + «*-»-*)0 <m0+1 I       I pa,,iu, i) | tfdti
.-i (.Jo

■ I      | <*>,,,.(«, S) | imrlu-2 + m"-aua-a-l)du>+

= Oin'1 + n*-*-l)oim) = o(l)(£),

as (mí, m)—»(«>, °°).

Similarly /3 = o(l)(£) as (m, m)—»(oo, oo), for any positive 5, and hence

to establish (3.2) it is sufficient to show that

(3.3) lim sup ( X — lim sup | /41 J   =0,
S—rO      \ (m.n) /

for arbitrary X = l.

We now choose X ( = 1) freely and then regard it as fixed. Choosing u>\

we write

/« =

(KuO.IKXJ

I ji-'<ut-1<ii

(say).
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Since <ba,b(u, v) is bounded in (0, 0; 8, 8) for small 8 it follows that there

exists K such that

lim sup lim sup I X — lim | 72 4- 731 J = K lim sup   X — lim sup
,i-»«o i-*+0     \ (m,n) / (»-fe»      L <.m,n)

• <  J    du |        dv +  I    dv I        a"«> « v Ka (m, u)Kß  («, vj

= 0,

by Lemma 2.

Finally,

lim sup lim sup ( X — lim sup | P | I = lim sup lim sup   X — lim sup
^-.oo »-»+0     \ (m,n) / it-»* S-»+0      |_ (m,n)

• <m —      sup       | (pa,b(u, v)\   I    u \ Ka  (m,u)\du \    v \ Kß  (», v) \ dv>
V 0<«gi;0<nÊJ Jo Jo /   J

= 0,

by (2.2) and the fact that u — lim(U,C) \<pa,b(u, v)\ =0.

Thus

lim  lim sup I X — lim sup | J41 I
^-.»       J->-|-0     \ (m.n) /

= lim sup lim sup   X — lim sup { | h\ +  \ I2 + h\}\
M_.       4_+0   [_ (mpB) J

= 0,

and this establishes (3.3).

4. Proof of Theorem 2. We suppose throughout that a — 2>a = 0, 6 — 2>ß

= 0 and (without loss of generality) that 5 = 0. We also suppose that a and ß

are integers, the proof may be completed in the general case by standard

methods.

Since a = 1, 6 = 1 it follows that (u — x)a_1, (v — y)6-1 are of bounded varia-

tion in 0=x = « and 0 = y = î> respectively and hence from (1.1), by a straight-

forward extension of a well-known result [6, p. 583], that for «>0, t»>0

/I u pv
(u — x)"_Iáx I   (v — y)6-1^*, y)dy

0 Jo

00 pu p*

—   22 o.mnau~" I   (u — x)0_1 cosmndxbv~h I    (v — y)b~1 cosxydy
m,n—0 Jo J 0

00

=   ]£ amnya(mu)yb(nv).

By repeated application of Abel's lemma we obtain
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Pa.biu, v) = lim <   £ Sm'nAa   yaimu)A    yhinv)
N^><e    Vm,n-0

N      " a , a+l

+ £ £ SmN-i A    yaimu)A ybiNv)
m—O «=0

JV      a

+ £ £ S¿-in A yaiNu)A    ybinv)
n-0 r=0

+ £ £ S7-IN-1 ¿yaiNu) A ybiNv)}
r-0 «=0 J

4

= lim   £ Ti
N-*»   ,-i

(say).

Since amn = o(l) as (mî, m)—»(<», «>) it follows that S^ = o(w+1m'+1) as

im, m)—>(oo, co) for r = 0, 1, • • • , s = 0, 1, • • • and hence, from (2.3), that

for fixed positive u and v

«       ß
Ti = £ £ OiNr+'+2)OiN-r~2 + N-")OiN—2 + N~h)

r-0 «=0

= oíd,

as N—>oo.

Next, since 5^_1 = o(wa+1iV,+l) it follows, using (2.3) and (2.4), that, for

fixed positive u and v,

N

Ti = 0{ iN-1 + A^-M-i) £ m" | Aa+1yaimu) \ }
m=l

= 0(^-00(1) = oil)

as N—*x>.

Similarly £3 = 0(1) as N—>oo for fixed positive u and v so that, for w>0,

v>0,

4>a,biu,v) =   £ 5mnA    yaimu)A    ybinv)

N     N <x> N N <x> 0000

££+ £  £+£ £ + £   £

m-0 n—0        m=N+l   n—0        m—0 n=JV+l ro-iV+l   n—¿Í+1

=   ££r

r-l

(say).
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It follows immediately from (2.3) that for any positive N,

| Pi| =o(«"+V+1EZ|^|)
\ m=0 n-»0 /

=  0(1),

as (u, v)—»(4-0, +0) in any manner.

Next since amn—»0 as m—> =° for each « = 0 it follows that S%£ = o(ma+1) lor

« = 0, 1, • • •  and hence, using (2.3), that for each positive N,

00

| u21   = 0(vP+1) 22 o(ma+1) | Aa+1ya(mu) \

= OK+X«-1) (by 2.4)

= o(l) (R)

as (u, v)-^(+0, 4-0).

In a similar way we can show that Uz = o(l)(R) as (u, v)—»(4-0, 4-0).

Hence in order to establish the theorem it is sufficient to show that for each

X = l

(4.1) lim sup (X — lim sup \ Ut\)  = 0.
JV-.» („,„)

To this end we first choose X freely and then regard it as fixed. We then

choose jU>X and write

Ui =  <       22      +      22      +       22      \ SmnA"   ya(mu)A    yb(nv)
\ m>N,n>N m>N,n>N m>N,n>N    J

fi~1smn—1s/i mn—l>u mn~l<ft—l

3

=   22Vr
r=l

(say).

Since Omn is bounded for large m and « it follows that there exists K such

that

lim sup lim sup ( X — lim sup | F2 4- Vz \ ) = K lim sup   X — lim sup

• { E   E   + Ê   E } »"»' I Aa+1ya(mu) | | A^yi(nv) |1

= 0,

by Lemma 3.

Finally,
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lim sup lim sup f X — lim | Vi \ J  = lim sup   X — lim sup
M->«> JV-.00 \ («,») / JV—.» [_ (u,f)

J\ I        "'"l       f »I      .«+' , -.   I       V*       *   I      ."+1 /        N   I    )    1
• <X —     sup      I amn |   2-j m  I A     yaimu) \   2->n \ A    ybinv) \ >

\ m>N,n>N m_i n-l 1  J

=  0,

by (2.4) and the fact that X-lim(m,n) \ami\ =0.

Consequently

lim sup  lim sup (X — lim sup | £41)
j*—»00 N—.» (w,b)

= lim sup lim sup   X — lim sup { | Fi | + | F2 + F31 }
/i->oo JÍ-.00        L («i») J

= 0;

which establishes (4.1).

5. An example. In view of the single Fourier series theorem on which

Theorem 1 is based (cf. [l, Theorem l]) and in view of the facts (i) that the

series in (1.1) is summable almost everywhere in (0, 0; 7r, 7t) to <p(u, v) and (ii)

abs~Tb I     I   is - x)"-1(f - y)i,_V(« + x, v + y)dxdy -> piu, v)(R)
J 0 J 0

as is, f)—>(+0, +0) for almost every (u, î>)£(0, 0; ît, 7t); it is attractive to

conjecture that<p(«, v)-^s(C; a, b)(R) is alone sufficient for the conclusion of

Theorem 1. That this conjecture is false, i.e., that the boundedness condition

on pa.biu, v) in Theorem 1 cannot be entirely removed, is shown by the

following example.

Let piu, v) he even and periodic with period 2w and such that

<j>(r cos 6, r sin 6) = <
r-2e-«r 0 < r < w, 0 = 0=: x/2,

0 elsewhere in (0, 0; r, w).

It is easily verified that <p(u, v)EL(0, 0; it, it) and that (piu, v)-^O(R) as

iu, iO-K+0, +0).
Since piu, v) is positive and since sin2 mu/2'=(im2/ir2) sin2 w/2 for 0<u

= l/2m it follows that

t 1       \   r l/2m r u sin2 mu/2 sin2 mv/2
amm > — Piu, v)      . —r—-- ¿Ma»

7rz^o        «/o MíSin¿«/2 msm'f/2

16m2 f"2"1 /•*/*
= - f-'dr I      <r,r  dB

7T6     J 0 Jo

16w2 f1/2m 8w2   rll2m

= - I        (1 - e-'i^dr >- i dr-**>
ir6   J 0 ir'   J«
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as m—» oo. Consequently o"^—> « as m—» oo and a fortiori S[<¿>] is not summable

(C; 1, 1) (P) even though P — lim^.^-c+o.+o) <KM> v) exists.
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