ON THE RESTRICTED CESARO SUMMABILITY OF
DOUBLE FOURIER SERIES

BY
A. J. WHITE

1. We suppose throughout this paper that ¢(u, v) SL(0, 0; 7, w) and is
periodic, with period 2w, and that

(1.1) (s, 0) ~ D Gmn COS MU COS NY.

m,n=0
We denote D .m0 @ma by S[¢] and write

(1.2) on = (AndD) " Y A At = (Andl)TSSE

r=0 s=0

A;‘;=(m+°‘>.
m

We also write #%0®¢, (%, v) for the fractional integral of order (a, d) (¢ =0, 5=0)
of ¢(u, v), so that, in particular, ¢o,0(%, v) =¢(«, v),

where

(1.3)  ¢a,p(u,v) = abu—v™® f ) f ’(u — 2)* (v — 9)*'¢(x, y)dxdy

(a>0,0>0),

and ¢o,(%, v), ¢a,0(%, v) are interpreted in the natural way (cf. [4, p. 413]).
The problem of the convergence, in some sense, of the means o, and its
connexion with the behaviour of the functional means ¢, (%, v), has been con-
sidered by a number of writers. Gergen and Littauer [4, Theorems IV and V]
have treated the problem of the boundedness, and convergence in the Prings-

heim sense, of ¢%f. They also considered the corresponding problem when the

restriction of boundedness on ¢%f is removed and proved the following theo-

rem.

THEOREM A. If a—2>a=0, b—2>B20, if dap(u, v) is bounded in
(0, 0; 8, 8) for some positive 8, and if e2E—s as (m, n)—(o, ), then ¢as(u, v)
—s as (4, 1) (40, +0).
The question of whether a “converse” of this theorem is true;i.e., whether
for suitably related a, b, @, B, ¢a (1, v)—s together with boundedness of o2?
Received by the editors July 7, 1960.
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for large m and n imply that ¢2%f—s as (m, n)—(, ©), was left unanswered.
Later Gergen [3, Theorem IV] showed that it is not possible to obtain such a
theorem and proved instead [3, Theorem V] the following result which con-
tains a “mixed” boundedness condition.

THEOREM B. If 0=a <f, 0Sa<é—1;0=b<n, 0SB <n—1;if o2, o8 are
bounded for large m and n and if dap(u, v)—s as (u, v)—(40, +0), then
0B s as (m, n)—> (o, ©),

These results may be regarded as extensions to double series of well-
known theorems of Paley [8] and Bosanquet [1].

A problem of a different character arises if we consider the convergence of
028 in a restricted sense instead of in the Pringsheim sense. A double sequence
{b,,.,.} is said to converge restrictedly to s, in symbols bn,—s(R) as (m, n)
—(, ®), if, for every A21, bpn—s as (m, n)—(, «©) in such a way that
N 1Zmu12\ If 628 —s(R) as (m, n)—(®, ) we shall say that S[¢] is
summable (C; e, B)(R) to s. The concept of restricted summability was intro-
duced by Moore [7] who proved the following theorem.

THEOREM C. If ¢(u, v)—s as (u, v)—(+0, +0) then S[¢] is summable
(C; a, B)(R) to s whenever a1, 8=1.

The present paper consists of an elaboration of the observation that the
conclusion of Theorem C holds if we replace the hypothesis by restricted con-
tinuity and local boundedness, of ¢(%, v) at (0, 0). More precisely: we shall
say that ¢(u, v)—s(C; a, b)(R) as (u, v)—(40, 40) if, for any A2 1, ¢as(2, v)
—s as (#, v)—(+0, +0) in such a way that A=!<wuw~1 <\, and we prove the
following two theorems.

THEOREM 1. If a21, 821; a>a =0, 8>b20; if ¢(u, v)—>s(C; a, b)(R),
and if ¢ap(u, v) ts bounded in (0, 0; 8, 8) for some positive 8, then S [d>] 15 sum-
mable (C; a, B)(R) to s.

THEOREM 2. Ifa—2>a 20, b—2>820; if S[¢] is summable (C; o, B)(R)
to s, and, if, for some N, o%f is bounded for m>N, n>N, then ¢(u, v)
—s(C; a, b)(R) as (u, v)—(+0, +0).

Theorem 1 (which contains Theorem C), and Theorem 2 may also be re-
garded as extensions of the results of Paley and Bosanquet. Before going on
to prove these theorems we mention two noteworthy facts which suggest
that, although summability (C; «, B)(R) is not a regular method, its applica-
tion to double Fourier series has some advantages over the method used in
Theorems A and B. Firstly, Herriot ([5], cf. Lemma 1 below) has shown that
the summability (C; a, 8)(R) (@21, 82=1) of S[¢] depends only on the be-
haviour of ¢(u, v) near (0, 0). Secondly, Zygmund [10, p. 309] has shown
that the series in (1.1) is summable (C; &, B)(R) (@21, B21) to ¢(u, v) for
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almost every (x, v) E(0, 0; m, m). Both these results reflect well-known {C)-
summability properties of single Fourier series and neither holds for sum-
mability (C; e, B) interpreted as involving the existence of 1imm,n)-(w,0) T%2
in the Pringsheim sense, whether or not a boundedness condition is imposed
(cf. [10, p. 304; 9]).

2. We first give some further notation, collect some known results and
establish three lemmas.

If {bmn} is a given double sequence, if A2 1, and if
) {d,,.,, forA 'S mu ! =\

Amn = .
" 0 otherwise

then we define

¥}
AN — Sup bmn = sup dma,
(m,n) m0,n20
. . a\)
A — lim by, = lim  dmg,
(m,n) (m,n) —(w, )

Il

. . )]
A — lim sup bma lim sup dmn.
(m,n) (m,n)—(w, )

In a similar way, if f(, v) is a given function, defined for #>0, v>0, then
for A\=1 we define

A — lim f(u, v) = lim o(u, v)
(u,9) (1,0)—(40,40)

where g\(u, v) =f(u, v) if N"'Suv~ 1<\ and is zero otherwise. We define
A\ —sup,» f(#, v) and A—lim sup(,» f(%, v) in a similar way.
We shall require the functions

1 a, — hd «
K. (m,u) = > + (4m) ! > A, coStU

re=1

which are known [2, p. 64] to satisfy

(2 1) |K(r)( )I < {Am"“
) o W12 Amt max[(mu)_'—z, (mu)—a-l],
for a>0, r=0, 1, - - -, and 0<u <m; where 4 is independent of m and .
It follows easily from (2.1) that for r=0,1, - -+ and m20
(2.2 4 f u'| Ki')(m, u)l du < A (a>7)
0

where A is independent of m.
We also require Young's functions v,(¢) defined by
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1
¥o(t) = pf (1 — u)r'cos ut du (> 0).
0 v
It is known [2, p. 64] that, for p>0, k=0,1, - - - ;#=0,1, - - - and ¢t=0
(2.3) | Ay, (nt) | < {Atk
? = A max[(nt)=*2, (nt)~7],

where 4 is independent of ¢ and 7, and A is the usual difference operator. It
easily follows from (2.3) that for #>0, p> —1,

2.4 2 m"| A“"“-y.,(mu)l <Auw*r(@a>p—2,a>p+ 1),
ma=]

where 4 is independent of «.
We require the following three lemmas.

LEMMA 1. The summability (C; a, B)(R) of S[¢] depends only on the be-
haviour of ¢(u, v) in an arbitrary neighbourhood (0, 0; 8, 8) (0<d<w) of the
origin.

This is due to Herriot [5].

LEMMA 2. If a>a =0, 8>b20 and if 0<6=m then for each A\ 21,

uu™?
(2.5) lim sup{)\ - llm sup °| Kia)(m, ) | duf vbl K;b)(n, ) | dv} = 0.
0

H—®

Proof. Denoting the integral in (2.5) by J, and choosing (as we clearly
may) u=\, we have

m~1 up™! un"t up™?! ] n!
J=f duf dv + duf dv+f duf dv
0 0 m—1 0 pn—1 L]

& up? 4
+ du f dv=2J,
un—1 n-1 rml

(say).
By (2.1),
Amotipbt A\ B+
J1 £ Amstipdt! f u“du f "dv = —————=< 4 (_) ,
m¢+b+2“b+l M
whenever A"1S<mn—1 <)\, so that
(2.6) lim sup (A — hm supJ) =0,
H—r 00

Next, using (2.1) again,
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unt up”?
Ja = Anbt! f (m™ w2 + mo—eys—a—1)dy f v%dv
m~1 . 0
AndH? un~! un~1
—_ {m—l f ub—ldu + mo—a f ua+b—adu}
ubH —t —_t
, =Ja+ J2
(say), where, if \"1<mn-1),
A
Y| <—>, b0,
Jns{ "
A — log A, b=0,
n
and
A\oe A\ 1
Al — +A(—) , a+b—ax—1,
Ja2 £ —a g
A(—) log Au, a+b—a=-—1,
M
so that in any case,
2.7 lim sup (A — lim sup J2) = 0.
b o (m ,n)
Next, by (2.1),
H n"*
J3 S Antt? f (m w2 + mo—eys—1)dy f vbdy
pn-1 0
A A\«
sS4A—+ 4 —) ,
B "
if A"1=Smn—15)\ so that
(2.8) lim sup A — lim sup J; = 0.
B (m,n)

Finally by (2.1),

©0

Jis A (7wt meewreY)du f (n~10? + n>Pe6-1)dy
n—1

un-1
x )\ a—a
LSO
© b

if A"1Smn—1<), so that
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(2.9) lim sup A\ — lim supJy) = 0.

B ® (m,n)
Combining (2.6)—(2.9) we obtain the required result.
LEMMA 3. If a>a+121, b>B4+121, then for every A 21,

(2.10) lim sup{ (A — lim sup Em" | Axtly, (mu) | > n}’l APty (np) |} = 0.
B0 (u,0 M=l n<mu-1
Since the proof of this iemma is quite similar to the proof of Lemma 2
we shall just outline the procedure.
The series in (2.10) is, by (2.3), absolutely convergent, for fixed positive
% and v and we denote its sum by S(«, v). We then choose A\(21) freely and
then regard it fixed and take (as we clearly may) p,>)\ We then write

[u™'] [mp? [ B ' tmu~1)
S =T S+ S Z+ > E+ > 2
m=1 n=l me=[u-1]41  n=l mem[pv1]4+1  nel mem[pv=1]41 ne=v-1]41

4
=> 5,
r=1
(say). Using (2.3) (as we used (2.1) to estimate the J, in the proof of Lemma
2) we can show that each of the S, satisfy a relation

A
Sr § fr (_)
"

for every positive # and v satisfying A"1Zuv~1 <\, and that f.(A\/u)—0 as
u— . This is sufficient to establish (2.10).

3. Proof of Theorem 1. We suppose throughout that the conditions a1,
Bz1, a>a=0, $>b=0, are satisfied, and (without loss of generality) that
s=0. We also suppose that ¢ and b are integers, the proof may be completed
in the general case by standard methods.

It is easily shown that

@3.1) o f f $(u, v) Kolm, 4)Ko(n, v)dudv,

If we split the range of integration on the right of (3.1) into (0, 0; §, ),
(0, 8; 8, m), (8, 0; m, &), (8, §; m, m); (0 <8 <) then it follows from Lemma 1
that the corresponding integrals over the last three ranges have restricted
limit zero as (m, n)—(, «). Hence it is sufficient to show that

oo
for each A2 1.
Denoting the integral in (3.2) by J we have, on integrating by parts,

3.2) { lim sup A — lim sup

§—+0 (m,n)

) ’ [ (0t 1)Ko, ) Ka(n, 1) dud
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I —1__(r-1) (e—1)
T=X 3 (=) " ()T Ke (m, 9Ky

reml gl

(n’ 6)¢f,l(6’ 6)

D S T L G

=1

( n, 8) f0‘¢a.c(u, 3)u¢K:,°)(u)du

OO SO ) [ 46, 90K @)
0

r=1

)

+ (=) @)™ f f bos(tt, )0 K (m, )KL (n, v)dudv

0 0
4
=27,

rml

(say).
It follows immediately from (2.1) that, for any positive &,
a b
= 2 2 0™ + m=)0(n~" + 1) = o(1),

re=] gm=l

as (m, n)—(®, «) in any manner.
Next, using (2.1) again, for any positive &,

b m~1
Je= 2, 0(n! 4+ n=1%)0 {m““ f | ba,o(u, ) | usdu
0

am=1

8

= O(n~* + n**")o(m) = o(1)(R),
as (m, n)—-)(ao, 00).

Similarly Js=0(1)(R) as (m, n)—(, »), for any positive 8, and hence
to establish (3.2) it is sufficient to show that

3.3) lim sup ( A —lim sup | 74 !) = 0,
§—+0 (m,

for arbitrary A2 1.
We now choose N (1) freely and then regard it as fixed. Choosing u>\

QAT

0<u<s,0<v<s
pl<ur-1<p

(say).
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Since ¢q (2, v) is bounded in (0, 0; 8, 8) for small § it follows that there
exists K such that

lim sup lim sup ()\ — lim | I, + I I) < K lim sup [X — lim sup

[ imdd §—+0 (mi”) I Sl (”'”)

. { fo 'du j; ul‘_ldv+ fo tdv fo u—ldu} v K(c)("', “)Ka (”: ”)]
=0

by Lemma 2.
Finally,

lim sup lim sup (A — lim sup I I, |) < lim sup lim sup [)\ — lim sup
(m, —+0

il 5—+0 add (m.n)

. { —  sup | ¢a,5(2, 1) | f | K(o)(m, u) | dufo v | K(b)(n, v)| dv}]

0<u<30<758
= 0,

by (2.2) and the fact that p—lim,,v) |¢,,|,(u, v)l =0.
Thus

lim lim sup ()\ — lim sup | J4|)

w340 (m,n)

< lim sup hmsup[)‘ —llmsup{|I;| + | I, + I| }]
—40

B ®
=0,
and this establishes (3.3).

4. Proof of Theorem 2. We suppose throughout thata—2>a 20, b—-2>8
20 and (without loss of generality) that s =0. We also suppose that a and 8
are integers, the proof may be completed in the general case by standard
methods.

Since a1, b=1 it follows that (# —x)*!, (v—y)*! are of bounded varia-
tion in 0 Sx < and 0 <y <v respectively and hence from (1.1), by a straight-
forward extension of a well-known result [6, p. 583], that for #>0, v>0

dus(, v) = abu-sr f " — 2y f "0 — 9)"0(z, )dy

= 3 Gmiot® f (4 — x)* L cosmn dx by=® f (v — y)* ' cos xy dy
m,n==0 0 []
2 GmaYa(mu)ys(nv).
-0

By repeated application of Abel's lemma we obtain
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N
boalt®) = lim { 3 SEEA ) A (o)

— m, nm=0

Y& .. a+1 8
+ 20 2 Sav-1A" va(mu)A ys(Nv)

mm0 gm0

N a
+ 33 S8 A ya(@) £ ya(n)

ne=0 re=0

a f
+ E Z Sho1v-1 Ar’ya(N u)A.'yb(Nv)}

re=(0 gm0
4
=lim ), T;
Now 1
(say).
Since @ma=0(1) as (m, n)—(x=, =) it follows that Si2=o0(mr*+n*+1) as
(m, n)—(, o) forr=0,1,---,5=0,1, - - - and hence, from (2.3), that

for fixed positive # and v

T, = i i O(NT++H)O(N—% + N=*)O(N~~% + N7Y)

r=0 gm0

= o(1),
as N—o,
Next, since Sgy_, =o(mot1N*+1) it follows, using (2.3) and (2.4), that, for
fixed positive # and v,

T; = Of (N1 + No-++1) i me| Axly, (mu) | }

ma=1
= O(N-1)0(1) = o(1)
as N> o,
Similarly T3=0(1) as N—« for fixed positive # and v so that, for >0,
>0,
¢a,p(1, v) = Z S:»':Aa+l7a(mu)Aﬁ+l'Yb(nv)
m,n=0

© N N © ©

SY+ Y S+E S+ 5 3

Mam( na=l m=N+1 n=( mm=0 n=N+1 m=N+1 n=N+41

(say).



1961] RESTRICTED CESARO SUMMABILITY OF DOUBLE FOURIER SERIES 317
It follows immediately from (2.3) that for any positive N,
N N
a+1l B+1 a,B
2] =0 (w"" £ 3 |2 )
m=0 n=0
= o(1),
as (u, v)—(+0, +0) in any manner,

Next since am,—0 as m— » for each n=0 it follows that S%f = o(m>+1) for
n=0,1, - - - and hence, using (2.3), that for each positive N,

I U2| = O(1Ft?) Z o(met1) l A"‘"’l'ya(mu)'

m=1

O(v¥**+Y)o(u™?) (by 2.4)
o(1)(R)

as (u, v)—(40, 40)..

In a similar way we can show that U;=0(1)(R) as (4, v)—(+0, +0).
Hence in order to establish the theorem it is sufficient to show that for each
A1

4.1) lim sup (A — lim sup [ U4|) = 0.
Now (u )

To this end we first choose N freely and then regard it as fixed. We then
choose u>X\ and write

a,f atl
Us= { >+ X o+ X } Sen A o (mu) "y (o)
m>N ,n>N m>N ,n>N m>N >N
plgmn-lgpu mn=1>p ma-l<p-1

(say).
Since ¢2f is bounded for large m and # it follows that there exists K such
that

lim sup lim sup (>\ - hm sup l Vet Vs |> < K lim sup [A — lim sup

p— o N—ow pr o (u,0)

ST +E X% menf | Axtiyy(mu) | | AF+1yy(no) |
{2 y ]

m=1 n<mu—1 n=1m<nu-1

=0,

by Lemma 3.
Finally,
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lim sup lim sup()\ — lim | Vi |> < lim sup [)\ — lim sup
N (u,9) Now (u,9)

B> ®©

s 1] S 8| 51 i ]

m>N,n> ma=1 ne=l
=0,
by (2.4) and the fact that A—limm,n |0%f| =0.
Consequently

lim sup hm sup - hm sup | U, |)

po®©

< lim sup hmsup[)\ - llmsup{[ Vi| + | Va+ Vil }]

n— o
= 0,

which establishes (4.1).

5. An example. In view of the single Fourier series theorem on which
Theorem 1 is based (cf. [1, Theorem 1]) and in view of the facts (i) that the
series in (1.1) is summable almost everywhere in (0, 0; 7, 7) to ¢(u, v) and (ii)

F] t
abs~or f f (s — 21t — )6 + 2, v + y)dady — o(u, v)(R)
0 0

as (s, t)—(4+0, 4+0) for almost every (u, v) E€(0, 0; m, 7); it is attractive to
conjecture that ¢(u, v)—s(C; a, b) (R) is alone sufficient for the conclusion of
Theorem 1. That this conjecture is false, i.e., that the boundedness condition
on ¢gs(#, v) in Theorem 1 cannot be entirely removed, is shown by the
following example.

Let ¢(u, v) be even and periodic with period 27 and such that
. r2e0r! 0<r<m0=0=<m/2
¢(r cos 0, rsinf) = .
0 elsewhere in (0, 0; 7, 7).

It is easily verified that ¢(u, ) €L(0, 0; w, w) and that ¢(u, v) >0(R) as
(u, ©)—(+0, +0).

Since ¢(u, v) is positive and since sin? mu/2 = (4m?/w?) sin? u/2 for 0 <u
=1/2m it follows that

1/2m sin?mu/2 sin?my/2
Umm "—f f ¢(“) dudv

m sin?u/2 msin?v/2

16m2 1/2m x/4 -
= f ridr f et do
7w Jo 0

16m2 1/2m 8m2 1/2m
=— f (1 — e*)dr > . f dr — «
0 0

L s
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as m— o, Consequently ks — © asm— o and a fortiori S[¢] is not summable
(C; 1, 1) (R) even though R—lim,v).(+0,+0) $(#, v) exists.

Acknowledgment. Theorems 1 and 2 above formed part of a Ph.D. thesis
submitted to the University of London, and I should like to thank my super-
visor, Miss W. L. C. Sargent, for many valuable criticisms.
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